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I. INTRODUCTION

R
ESEARCHERS have been delving into the origin of energy resolution degradation in scintillators for gamma spectroscopy for many years [1] - [7] , in particular by recording the electron and gamma light yield nonproportionality curves (i.e., plots where the light yield is plotted against the electron or gamma energy). There has recently been a resurgence in scintillator physics, including many experimental papers (employing radiation [8] - [15] as well as laser studies [16] ), and a wealth of theoretical works-including analysis of the cascade [17] , carrier transport [18] - [22] , activators [23] , and traps [24] . The observed energy resolution enhancement by introducing traps into is a particularly interesting result [25] . Our own studies have included registering the electron nonproportionality curves for many scintillators and deducing the resolution based on the so-called "Landau fluctuations", which are natural variations in the stopping power and hence the spatial ionization density that the scintillator experiences [26] - [31] . Herein we address an issue first brought up many years ago by Iredale that relates to the generation of delta-rays [1] , or secondary electrons scattered from the high Fig. 1 . In our model, the fluctuations of Bethe-Bloch ionization of the primary electron and of delta-rays are handled separately. The variable distribution of delta-ray energies created is one mechanism that degrades the energy resolution. The other mechanism, based on the Landau model of ionization fluctuations, is applied to the individual delta-rays. energy primary electron. These independent "rays" of electrons would be considered as distinct and separate from the original electron track of the primary electron above a specified energy. More recently, Moszynski implicated delta-rays as leading to the degradation in resolution for NaI(Tl) and BGO, however without distinguishing low-energy ionization density fluctuations from the higher-energy delta-rays having a track distinct from the primary electron [32] , [33] .
Our method for calculating the impact of these types of light yield fluctuations on detector resolution is to handle the delta-ray and primary electron fluctuations separately ( Fig. 1 ) and in a probabilistic manner, since all of the light yield variances can be summed in quadrature afterwards. As we shall see below, delta-ray interactions can account for 10-40% of the overall ionization deposit, depending on the primary electron energy and the specified low-energy cut-off. In Section II, we describe our probabilistic model; in Section III we exercise the model to deduce informative plots and quantities; and in Sections IV and V we discuss fundamental aspects of delta-rays and summarize our conclusions.
II. MODEL
The standard relativistic Bethe-Bloch equation describes the total ionization deposit that occurs in the scintillator, and includes an integral of energies from the material's ionization energy to the maximum kinetic energy transfer possible [34] . In contrast, the delta-rays arise from pairwise Coulombic collisions between electrons and are defined as having energy above a specified value [35] . The delta-rays need to be handled separately because their energy deposit is considered to be non-local, meaning that the electrons are ejected away from the primary track. That is to say, the delta-ray propagates along a new track 0018-9499 © 2015 IEEE. Translations and content mining are permitted for academic research only. Personal use is also permitted, but republication/ redistribution requires IEEE permission. See http://www.ieee.org/publications_standards/publications/rights/index.html for more information.
with an ionization density characteristic of the electron energy of the delta-ray itself, not that of the primary electron.
To begin the development of our model (see Appendix for parameter descriptions), we define a fictitious stopping power for the delta-rays based on the electron-electron (e-e) differential collisional cross section, , where the energy is removed from the primary electron and imparted to the delta-ray:
(1) Eq. (1) describes the energy lost from the primary electron to all the delta-rays, but does not directly relate to the actual ionization density (hence the "fictitious" descriptor). Here, the delta-ray energy is while is the energy of the primary electron at the point of the e-e collision; specifies the lowest energy delta-ray (taken as 5x the Bethe-Bloch ionization energy or to be further justified in the Section IV); is the electron density in cm ; and the differential cross section for e-e collisions is given by the relativistic Møller equation [33] :
is the classical electron radius; and (of the incident electron) and have their usual relativistic meaning; is electron rest mass; and the highest energy delta-ray possible is for indistinguishable particles since the electron with greater energy is always considered the primary electron. Recall that delta-rays entail binary collisions between electrons, in contrast to the multiple (and potentially simultaneous) interactions that are incorporated in the usual Bethe-Bloch equation [34] . With (1) we can define the stopping power fraction of all delta-rays relative to the power deposit calculated with the standard Bethe-Bloch (BB) model of continuous ionization at a given electron energy :
, as defined by (3), is the energy-weighted probability of a delta-ray of energy being generated per unit energy interval by an electron at energy : (4) For (3) and (4), ( is given by the usual relativistic Bethe-Bloch stopping power formula [34] for the primary electron at energy . We remind the reader that the Bethe-Bloch equation in principle accounts for all e-e interactions, including delta-rays, so it is appropriate to use in the denominator to yield this probability function. The function is a central feature of the model developed herein.
We now recall the light yield formula we have previously developed to fit electron nonproportionality curves, where the electron light yield in taken to depend on the ionization density (i.e., stopping power). For a given electron having energy , the light yield of a particular scintillator is given in (5) , shown at the bottom of the page, where is defined as an instantaneous or differential light yield at each point in the electron's trajectory, and our usual [29] Birks, Onsager and Trap stopping parameters are indicated, is the fraction of free carriers created by the cascade, is an arbitrary normalization in units of keV , and ( is the Bethe-Bloch stopping power of the delta-ray of energy which is proportional to the ionization density. In order to calculate the actual light yield of the delta ray, the electron must be followed along its trajectory (denoted as the " " superscript) from energy to the ionization energy ( ): (6) Now, since delta-rays are generated as perfectly correlated "pairs" of electrons at energies (delta-ray) and (energy remaining in the scattered primary electron), we actually need the energy-weighted light yield for each of these correlated electron pairs: (7) where the electron having energy is the energy remaining in the scattered primary electron (i.e., the electron that carries away the larger fraction of the energy). Eqs. (6) and (7) can be used to calculate the average delta-ray / scattered-primary-electron pair light yield for all possible delta-ray energies generated by the primary electron initially exactly at energy by weighting with the probability function [ ] and integrating:
Eq. (8) is the average light yield of the statistically-distributed, trajectory-averaged delta-ray/scattered-primary-electron pairs emanating from a primary electron initially at energy . In order to calculate the observed light yield of the primary electron initially at energy , we need to follow the primary electron along its trajectory to its final energy , by (5) weighting the contribution as each primary electron energy by its delta-ray fraction [Eq. (3)], :
where henceforth we define: ( , which is the total energy fraction of delta-rays produced along the primary electron's trajectory (again denoted with superscript " "), and initially at energy .
We are now in a position to calculate the light yield fluctuations of the generated delta-ray distribution, which we can accomplish by evaluating the standard deviation of the distribution using (7) and (8), while again appropriately weighting the individual deviations with (4) by and multiplying by 2.35 to convert the value of the summed standard deviations to the Gaussian-equivalent FWHM (full width at half maximum) of the light yield fluctuations:
where the integral is divided by , and then normalized by the average light yield of scattered electron pairs. Finally, to calculate the total contribution of these fluctuations for the primary electron initially at energy and proceeding along its trajectory generating delta-rays we use: (11) To summarize, we employ (6)- (11) to evaluate the resolution by: (a) calculating the probability distribution of the delta-rays, (b) following each probability-weighted delta-ray along its trajectory and determining its light yield, and (c) following the primary electron along its trajectory from the initial to final energy.
We now address the Landau fluctuation induced contribution to the delta-ray resolution. We have shown in previous papers that the light yield fluctuations can be summed in quadrature along any electron's trajectory with [27] - [30] : (12) where stands for Landau, and the electron of energy is propagated along its path to the final energy . The equations for the Landau fluctuations ( ) have been previously described [27] - [30] and are not reproduced here, but are detailed further in Section IV. For each energy of the primary electron we evaluate the resolution of the delta-rays arising from their Landau fluctuations with (13) , shown at the bottom of the page, where it is noticed that squared Landau fluctuation induced resolution is weighted by the number of photons generated (by multiplying by the energy times light yield), and also weighted in the integral by its probability of occurring with . Lastly, we calculate the Landau-fluctuation-induced resolution from all the delta-rays as the primary electron passes from its initial energy to the final energy with:
III. RESULTS Table I includes calculations for two illustrative scintillators: NaI(Tl) and LSO(Ce). The first set of four entries is the basic material properties, the next four are the fitting parameters for the electron nonproportionality data [27] - [30] , and the remaining entries are the outputs of the present code based on the description above. In order to evaluate the total resolution due to the scintillator's nonproportionality, the delta-ray resolution must be combined with resolution of the high-energy electrons undisturbed by delta-rays, however still incurring Landau fluctuations. We then use the following to fractionally combine the primary electron and delta-ray contributions to the resolution as listed in Table I : (15) The last entry in Table I is the experimental value nonproportionality's contribution to the resolution [11] , [13] . From Table I it is apparent the delta-rays make a noteworthy contribution to the resolution, being comparable to that induced by the ionization density fluctuations experienced by the primary electron. For the case of NaI(Tl), the FWHM Landau fluctuations of a sole primary electron (without delta-rays) is 3.65%, while accounting for the high-energy tail of the Landau distribution (i.e., the delta-rays) with (15) increases the resolution result to 4.84%.
(13) (4)] of delta-ray formation for an electron at 662 keV and 60 keV for NaI(Tl), where the total energy fraction of delta-rays (relative to the Bethe-Bloch deposit) is 35.0% and 22.5% respectively, and is seen to be weighted to lower energies. For the 662 keV electron, the delta-rays are apportioned with 7.8% of the energy being deposited as keV delta-rays, and 27.2% having keV.
To elucidate the nature of delta-ray generation, we plot the delta-ray probabilities [ in %keV, see (4)] in Fig. 2 for two instantaneous electron energies for NaI(Tl): keV and keV. It is apparent that the probability distribution tends to be weighted to lower electron energies and has upper and lower limits of and . The plots for LSO are similar and therefore not included.
To examine the impact of fluctuations in the light yield, in the case for the primary electron energy at keV in NaI(Tl) as in the upper frame of Fig. 2 , we can see in Fig. 3 that Fig. 3 . Plots of the light yields of the delta-rays and their associated scattered primary electrons emanating from the primary electron at keV for NaI(Tl). (The scattered primary electrons are plotted against the delta-ray energies rather than their actual energies of so the "pairs" can be directly associated on the plot.) The energy-weighted averages of the ray pairs are also plotted.
the light yields of the delta-rays ( at energy ) and the scattered primary rays ( at ) can be added with their energy-weighting to calculate the light yields of these electron "pairs" [ in (7)], denoted as "Electron Pair" on Fig. 3 . Importantly, please note that for purposes of clarity that the scattered primary energies are plotted against instead of their actual energies of so that the correlated pairs of electrons are easily identified by appearing at the same energy. Notice that the "Electron Pair" light yield occurs much closer to the light yields of the scattered primary electron because of its higher energy weighting in (7) . The electron light yield fluctuations can now be calculated from the deviations with the "Electron Pair" curve of Fig. 4 and the average value [ in (8) , although this simple horizontal line which crosses through the curve is not indicated on the plot]. The above enunciated procedure yields the resolution arising from the delta-ray distributions [ in (10) ]. The delta-ray light fluctuations along the entire primary electron trajectory can then be evaluated [ in (11) ] for the initial electron energy of , included in Table I .
For completeness in this section, we briefly summarize how we accounted for the Landau fluctuations of each delta-ray, by: (a) calculating the Landau resolutions of each delta-ray / scattered-primary-electron pair by adding their resolutions in quadrature with their respective weighting; (b) integrating the impact of these paired resolutions by employing the delta-ray distribution function of (4) by using (13) with the aid of (12); and (c) suitably summing the resolutions of these "electron pairs" along the trajectory of the primary electron, yielding the value of (14) as listed in Table I . In Fig. 4 , the delta-ray energy fraction [ ] is plotted as a function of the initial energy of the primary electron energy for NaI(Tl) and for LSO(Ce), as is the FWHM of the light yield fluctuations arising from the delta-ray electron distribution [ in (11) ], and their Landau fluctuations [ in (14) ]. An important observation is that the resolution contribution from the fluctuating light yields of the delta-ray distribution is much smaller than that arising from their ionization ). These calculations incorporate the weighted delta ray distributions, tracking the individual trajectories of each delta-ray for light yield and Landau fluctuations, and following the primary electron from its initial to final energy-as described in the text. The upper plot is for NaI(Tl), the lower for LSO(Ce).
fluctuations,
, for all primary electron energies. This is the case because the ionization fluctuations are largest near the ends of the ends of electron tracks, for which there are now two (i.e., the delta-ray and the scattered primary electron). Also interestingly, it is seen that the resolution contribution from delta-rays is small at high energy where the fractional contribution is large while conversely, the Landau resolution is large at low energy where the fractional contribution is small. As we shall see next, however, the largest impact on resolution from delta-rays occurs at the highest energies.
As a final exercise, we can compare the light yields of the primary electron (i.e., without delta-rays or to that of the combined light yield of the primary electron together with the delta-rays for LSO(Ce) in Fig. 5 , using: (16) To combine the resolutions, we use (15) . From the upper plot for LSO(Ce) in Fig. 5 we notice that the largest light yield difference occurs at intermediate enegies of about 200 keV. In contrast, the lower plot of Fig. 5 reveals that delta-rays are more important at higher energies in degrading the resolution. (15) and (16) . We see that the overall light yield is modified most in the intermediate energy region while the delta-rays have most impact on resolution at high energy.
IV. DISCUSSION
One assumption in our approach is that there is a fraction of primary electrons that are considered undisturbed by delta-ray formation (with energy fraction and only incurring fluctuations in the local ionization density). The remaining electrons scatter delta-rays having energy fraction . Of course, every electron incurs some delta-rays along its ionization path, but here we treat them separately in a mathematical sense, (recall Fig. 1 ). We think this is a reasonable assumption, in part since nearly all of the delta-ray events are at lower energies. Nevertheless, the impact of delta-rays at all possible energies is encompassed by the probability function. The use of the fraction avoids double-counting the impacts on the primary electron.
As stated, our use of a probability-based model accounts for all possible interactions, and then sums the statistically independent (i.e., uncorrelated) interactions in quadrature. However, we do not include the effect of "delta-rays that generate delta-rays". Again, since the delta-ray events are weighted to lower energies ( ), our formalism should capture their predominant impact on the resolution. A conventional Monte Carlo model is conceptually simpler to understand, since random series of interactions would be observed and recorded for a large number of primary electron events, and each probabilistic interaction would be observed. We believe that our probabilistic model is close to equivalent to the Monte Carlo treatment [35] where the various delta-rays that are created at each electron energy along the primary electron's trajectory (from energy to ) are eventually generated by physically distinct electrons (i.e., from different "events" in a radiation detector). Our previous comparison of GEANT4 results with an analytic form of the Landau distribution (by Moyal) are suggestive that the two methods yield similar results; see [28, Fig. 2 ]. Another noteworthy point to make is that the highest energy delta-rays do not cause the greatest degradation in resolution since the light yields at high energy are nearly the same, leading to small light yield fluctuations. The delta-rays that access the most nonproportional regions of the electron light curve (typically the "fall" in light yield in passing to low energy below 30 keV), while also not having too low an energy to be rendered otherwise inconsequential, degrade the resolution most significantly.
Another assumption involves the choice of the value, for which the values of the combined resolution of the delta-rays and the primary electron at 662 keV increase for NaI(Tl) from in passing from I I. The use of lower values corresponds to essentially "removing" undisturbed primary electrons and "assigning" this fraction to more delta-rays by way of a larger fraction. The resolution contribution from delta-rays increases for smaller values of since more low-energy delta-rays are included, but not dramatically so. Above the interactions (i.e., delta-rays) are simple two-electron collisions, while below all of the multiple-electron interactions leading to a given stopping power would be accounted for by the classic Bethe-Bloch formulation. As mentioned, energetic interactions above are considered to create a separate track that is distinct from the ionization density of the primary electron, and therefore it is imperative that an appropriate value of be used in these calculations, as discussed in detail below. If is inadvertently chosen to be too small, its contribution would have already been included in the basic ionization process and will in effect be double-counted. On the other hand, if were selected to be too large then the non-local ionization from certain delta-rays would not be included at all. As we shall see below, our estimate of appears to be a reasonable value, although this issue is not definitively resolved in this paper.
In 1944, Landau published his original article [36] in which he derived his namesake distribution of stopping power fluctuations for particles traversing a medium. In 1954, Moyal published a related paper in which he derived a much simpler analytical form of Landau's distribution. Both Landau and Moyal recognized that their distributions could be reduced to a "universal" format where both of the axes become unitless. Moyal's probability expression as a universal function of the unitless quantity is [37] : (17) where , and the difference between actual (fluctuating) stopping power from the mean Bethe-Bloch stopping power is rendered unitless by Landau's parameter [36] : (18) where is the electron density of the scintillator and we have modified the denominator to include the term to avert a singularity at low energy, as previously discussed in our papers [27] - [30] . (Note that in our previous works, we have employed smaller values of , typically 2.8, which essentially led to larger resolutions for the primary electron to better match experimental data when not explicitly accounting for the deltarays.) In any case, the main purpose of this paper is to separate the impact of the delta-rays to gain insight into its relative contribution to the resolution.
As an "aside", we note in passing that the FWHM of the light yield fluctuation term in (12) above is calculated from (18) with [27] - [29] : (19) where the square bracketed term is the slope of the nonproportionality curve with respect to the stopping power at electron energy and the factor of 3.6 converts the expression to the value of the FWHM.
As a consequence of the realization of this universal expression by Landau and then Moyal, it seems worthwhile to search for a similarly universal expression for the delta-ray distribution. Without rigor, we render the delta-ray expression unitless by multiplying from (4) by (ionization energy) and similarly redefine the abscissa as . We also replace the stand-alone variable in (4) with to account for the actual energy of the delta-ray (so it has zero kinetic energy for an imparted energy of ), and then shift the energy scale by units to match the onset of stopping as a function of the dimensionless abscissa to the onset of the Landau/Moyal distributions. The result of this somewhat ad hoc but informative procedure is seen in Fig. 6 . Although this expression turns-out to be only approximately "universal", it is quite satisfactory for our purposes. The Moyal distribution is sharply peaked because it allows for multiple interactions with many electrons at larger distances from the primary electron, while in contrast the Møller equation only accounts for simple two-electron collisions.
In Fig. 6 , we have also included the discrete points of the exact Landau fluctuation distribution for comparison [38] . Our treatment of the impact of the Møller delta-rays would "double count" ionization events with respect to the Moyal function if one gets too close the peak of the reduced stopping power value at zero on the abscissa. Accordingly, we cut off the Møller function where the interaction probability is adequately accounted for by the Moyal distribution by noting where the Moyal and Landau functions nearly overlap at about 4 on the abscissa. We then reduce the area of the Moyal distribution commensurately by the area of this selected region of the Møller delta-ray distribution to conserve the combined Moyal-Møller probability. It is noteworthy that this procedure enables a good fit of the Moyal distribution to Landau's exact points near the peak which would otherwise have had too large a maximum value of 0.24 [37] compared to the Landau's peak of 0.18 [36] . We can now summarize our observations from Fig. 6 :
• Landau's original distribution captures the existence of delta-rays in its extended tail toward higher stopping values of the primary electron, (although recall that we treat delta-rays as "making their own tracks", which are separate from that of the primary electron). • Moyal's simplified analytical solution of Landau's equation reproduces the shape and magnitude of the mean value by subtracting the area of the Møller function, but misses the high-energy single-collision delta-rays owing to the approximations used in its derivation, (particularly in the use of the "saddle point method" [37] ). • Møller's "cut-off" delta-ray distribution roughly "makes up the difference" between the Moyal and Landau distributions.
• The optimal cut-off energy apparent from Fig. 6 is 7 (relative to the shifted zero of energy), which is near to the used throughout this paper. We see that: Møller's equation only captures the formation of delta-rays; Moyal's function mainly describes the probable lower-energy interactions near the mean; and Landau's distribution incorporates both of these interactions as they impact the primary electron's energy loss. We take the forgoing analysis of these three functions as offering qualitative support for the use of in our model. So the use of the FWHM of Moyal's function [Eq. (19) ] seemingly accounts for the local ionization density along an electron's track (usually referred to as Landau or ionization fluctuations), while Møller's equation is used to explicitly account for the delta-ray probability via normalization by the Bethe-Bloch total stopping power. Importantly, in our treatment the delta-rays are permitted to "make their own independent tracks", thereby incurring their own ionization fluctuations that impact the resolution. The additional contribution to the resolution arising from the fluctuations in the energies of the delta-rays must be included as well. Here the reader is reminded that the light yield fluctuations arising from the energetic distribution of delta-rays are much smaller than that due to the ionization fluctuations endured by the delta-rays themselves. In other words, we see that the small but highly probable Landau fluctuations near to the mean stopping power are in essence always the most important contribution to the resolution. Also, note that while the ionization fluctuation contribution of the scattered primary electron is included in the delta-ray resolution term, a commensurate fractional amount is subtracted from this same type of contribution as it impacts the primary electron itself. Finally, as may be obvious at this point, neither Landau fluctuations nor delta-rays would have any impact on the resolution of a hypothetical scintillator that was perfectly proportional, (i.e., for the case where the photons/keV is an exact horizontal line as a function of the electron energy).
As a final point of discussion, we recall the original article by Iredale published in 1961 [1] where he performed initial calculations that suggested delta-rays could be an important aspect of the achievable resolution in scintillators. The present work is a detailed follow-on analysis of delta-ray-induced resolution that builds on the original paper published by Iredale more than five decades ago. Delta-rays play a role in scintillator resolution as they represent the origin of the high stopping power "tail" of the Landau distribution as well as at lower stopping powers down to the value of . Iredale speculated (and we agree) that there is in effect an optimal energy for delta-rays that have the largest impact, since: high energy delta-rays all have about the same light yield; low energy delta-rays are energetically insignificant; and intermediate energy delta-rays accessing the nonproportional region of the electron's light yield curve induce the most degradation to the resolution. In closing we reiterate that the stopping power fluctuations near to the mean are the more important contribution at 662 keV. This is the case because these local ionization density variations (i.e., Landau fluctuations), while smaller than those of the "tail" in the distribution (i.e., delta-rays), are nevertheless more likely to occur.
V. SUMMARY AND CONCLUSIONS
We have developed a formalism to describe the impact of delta-rays on the resolution of scintillators, finding that it is responsible for a contribution similar in magnitude to that arising from the usual Landau fluctuations of the primary electron near to the mean stopping power (as described by the FWHM of the distribution). Our framework is based on devising the energy-weighted probability distribution of collisions between pairs of electrons using the Møller equation normalized by the total ionization deposit calculated with the usual Bethe-Bloch formulation. The electron trajectories of delta-rays having energies greater than a selected cut-off value are modeled for their light yield; this cut-off energy has been reasonably justified in Section IV by comparing the Møller, Moyal, and Landau distributions. While delta-rays represent the basis for the "tail" in the classic Landau distribution, they are modeled as being independent and separate from the main ionization track of the primary electron in order to assess their impact on the resolution of scintillators. The fluctuations in the light yields arising from the varying distribution of delta-rays are one contribution to the resolution, while the ionization density fluctuations of the individual delta-rays must also be accounted for. Representative calculations are performed for the NaI(Tl) and LSO(Ce) scintillators.
APPENDIX
Below we summarize certain aspects of the notation.
: "Fictitious stopping power" due to all delta-rays, in terms of energy removed from primary electron (MeV/cm) of instantaneous energy . Owing to the indistinguishable nature of the electrons, the highest energy delta-ray possible is given as . ( Bethe-Bloch relativistic stopping power formula, which includes all ionization events including delta-rays (MeV/cm).
( : Differential cross section for electron-electron scattering (cm keV) for delta-rays of energy being generated from a primary electron of energy . This is the same differential cross section that would be used to describe an electron-electron collision in an accelerator experiment.
: Fraction of the total stopping power attributed to all delta-rays having energy above for the primary electron having instantaneous energy .
: Total stopping power fraction due to delta-rays (of all energies from to ) produced along the primary electron's trajectory from energy to the electron coming to rest. : Energy-weighted probability distribution (in units of keV ) of a delta-ray of energy being generated per unit energy interval by an electron initially at energy .
: Light yield (photons/MeV) for a delta-ray at instantaneous energy : Trajectory-averaged light yield that a delta-ray experiences, averaged from energy to .
: Light yield for the "pair" of (perfectly correlated) electrons corresponding to scattering of an initial electron at energy to a pair of electrons at energies and , for the light yields being averaged along their trajectories to final energies .
: Trajectory-averaged light yields for all the ( ) electron pairs, wherein the distribution-weighted light yield values of all possible electron pairs arising from delta-rays of energy to are accounted for. : Light yield for all trajectory-averaged, distributionweighted delta-rays, further averaged along the trajectory of the primary electron.
: Combined, observable light yield of the primary electron and all possible delta-rays.
: Contribution to the resolution arising from the statistically varying distribution of (trajectory-averaged) delta-ray light yields emanating from a primary electron having energy , accounting for all of the ( ) electron pairs that are possible.
: Resolution contribution arising from the light yield fluctuations for all trajectory-averaged, distribution-weighted delta-rays possible (while also accounting for the scattered primary electron), further averaged along the trajectory of the primary electron from its initial energy to the electron coming to rest.
: Resolution contribution arising from Landau fluctuations incurred by the distribution of delta-rays emanating from a primary electron having instantaneous energy , accounting for all of the ( ) electron pairs that are possible.
: Resolution contribution arising from Landau fluctuations incurred by the distribution of delta-rays emanating from the primary electron (while also accounting for the Landau fluctuations of the scattered primary electron), further averaged along the trajectory of the primary electron from its initial energy to the electron coming to rest. : Combined, observable resolution arising from the undisturbed primary electron as well as all possible delta-rays, including both their light yield fluctuations (accounting for the delta-ray distribution), and the Landau fluctuations of the delta-rays and the scattered primary electron.
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